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1. Introduction and preliminaries
LetU be the unit disk of the complex plane:
U 
{
z ∈ C : |z| < 1}. 1.1
LetHU be the space of holomorphic functions inU,
An 
{
f ∈ HU, fz  z  an1zn1  · · · , z ∈ U
}
1.2
with A1  A, and
S 
{
f ∈ A : f is univalent in U}. 1.3
Lemma 1.1 see 1. If the function f is regular in the unit discU,






∣∣∣∣ ≤ 1 ∀z ∈ U,
1.4
then the function f is univalent inU.
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Definition 1.2 St. Ruscheweyh 2. For f ∈ A, n ∈ N ∪ {0}, let Rn be the operator defined by
Rn : A → A,
R0fz  fz,
R1fz  zf ′z
...
n  1Rn1fz  z
[
Rnfz
]′  nRnfz, z ∈ U.
1.5
Remark 1.3. If f ∈ A















]′  1. 1.8
Lemma 1.4 3, Schwarz’s lemma, 4, Lemma 4.26, page 103. If the analytic function fz is
regular inU with f0  0 and |fz| < 1 for all z ∈ U, then
∣∣fz
∣∣ ≤ |z|, ∀z ∈ U, 1.9
and |f ′0| ≤ 1.
The equality holds if and only if fz  cz, z ∈ U, |c|  1.
2. Main results
By using the Ruscheweyh diﬀerential operator given by Definition 1.2, we introduce the
following integral operator.
Definition 2.1. Let n,m ∈ N ∪ {0}, i ∈ {1, 2, 3, . . . , m}, αi ∈ C. Define the integral operator
If1, f2, . . . , fm : Am → A,
I
(














dt, z ∈ U, 2.1
where fiz ∈ A and Rn is the Ruscheweyh diﬀerential operator.
Remark 2.2. i For n  0, m  1, α1  1, α2  α3  · · ·  αm  0,
R0fz  fz ∈ A, 2.2
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dt, z ∈ U. 2.3
ii For n  0, m  1, α1  α ∈ 0, 1, α2  α3  · · ·  αm  0, R0fz  fz ∈ S, and we










iii For n  1, m  1, α1  γ ∈ C, |γ | ≤ 1/4, α2  · · ·  αm  0, R1fz  zf ′z ∈ S, we








studied in 7, 8.














































studied in 11, 12.












∣∣  · · ·  ∣∣αm
∣∣ ≤ 1, z ∈ U, 2.9
then If1, f2, . . . , fmz given by 2.1 is univalent.
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/ 0, z ∈ U.
2.10











By diﬀerentiating 2.1, we obtain
I ′
(












, z ∈ U,
I ′
(




Using 2.12, we obtain
log I ′
(




logRnf1z − log z
]
 · · ·  αm
[
logRnfmz − log z
]
, z ∈ U.
2.13
By diﬀerentiating 2.13, we have
I ′′
(
























, z ∈ U 2.14
and after a short calculus we obtain
zI ′′
(





























, z ∈ U.
2.15



























































∣∣  · · ·  ∣∣αm
∣∣](1 − ∣∣z2∣∣) ≤ ∣∣α1
∣∣  · · ·  ∣∣αm
∣∣ ≤ 1.
2.16
From Lemma A, we have If1, f2, . . . , fmz ∈ S.
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Remark 2.4. i For n  0, Rnfiz  fiz ∈ S, we obtain Theorem 2.3 from 9.
ii For αi ∈ R, αi > 0, Theorem 2.3 can be rewritten as follows.















∣ ≤ 1, z ∈ U, 2.17
then the integral operator given by 2.1 is univalent.
Theorem 2.6. Let n,m ∈ N ∪ {0}, i ∈ {1, 2, . . . , m}, αi ∈ C. If fi ∈ A satisfy
i |α1|  · · ·  |αm| ≤ 1/3,
ii |Rnfiz| ≤ 1,
iii |z2Rnfiz′/Rni fiz2 − 1| < 1
for all z ∈ U, then the integral operator given by 2.1 is univalent.





























































































































































∣  · · ·  ∣∣αm
∣
∣]
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∣∣  · · ·  ∣∣αm
∣∣)
≤ (1 − |z|2)(∣∣α1
∣∣ 
∣∣α1














∣∣  · · ·  ∣∣αm
∣∣).
2.19








∣ ≤ 1 2.20
for all z ∈ U.
By Lemma A, it follows that the integral operator If1, f2, . . . , fmz is univalent.
Remark 2.7. For n  0, m  1, α1  α ∈ C, |α| ≤ 1/3, α2  · · ·  αm  0, the result was obtained
in 11, Theorem 1.
For αi ∈ R, αi > 0, Theorem 2.6 can be rewritten as follows.
Corollary 2.8. Let n,m ∈ N ∪ {0}, i ∈ {1, 2, . . . , m}, αi > 0. If fi ∈ A satisfy
i α1  α2  · · ·  αn ≤ 1/3,
ii |Rnfiz| ≤ 1,
iii |z2Rnfiz′/Rnfiz2 − 1| < 1
for all z ∈ U, then the integral operator given by 2.1 is univalent.
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